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Introduction 
Among discrete choice models used for analyzing qualitative outcomes models, the multinomial 

logit (MNL) is widely used given its closed form probability expression [1]. In the MNL model, 

the utility functions are assumed to be independent and identically distributed (i.i.d.) Gumbel 

distributed stochastic variables across choice alternatives. Alternatively, researchers adopted the 

Multinomial Probit (MNP) model that assumes that the underlying utility functions are normally 

distributed stochastic random variables [2, 3]. The MNP model is quite generic because it 

addresses three limitations of the MNL model. Specifically, the MNP model (a) allows any 

arbitrary covariance structure for the utilities of choice alternatives and can thus allow flexible 

substitution patterns, (b) accounts for random parameter heterogeneity, and (c) is easily extendable 

for panel choice data. However, the normal distributional assumption for model parameters in the 

MNP model might not be appropriate in all cases [4-8]. For instance, the normal distributional 

assumption for price coefficient implies the presence of a non-zero percentage of decision makers 

with positive price sensitivity which is counter intuitive. However, it is currently not possible to 

consider non-normal distributions and impose constraints on model parameters in the MNP model. 

Another related issue is the distribution of the willingness-to-pay (WTP) measures which analysts 

use to infer the monetary value of different attributes to assist in market research analysis and 

design of targeted policy measures [9]. The WTP for an attribute is defined as the ratio of the 

coefficient on that attribute and the cost/price coefficient. So, in the MNP model, the WTP 

measures are stochastic variables defined as the ratio of two normally distributed attribute and cost 

coefficients. Given that the denominator in WTP has normal distribution that includes realizations 

around zero, the moments of WTP do not exist [10]. In this context, the objectives of the current 

study are three-fold. First, develop the generalized multinomial probit (GMNP) model that can 

accommodate random parameters with restricted support. Specifically, the GMNP model 

parameters are assumed to have multivariate truncated normal distribution as opposed to 

unbounded multivariate normal distribution in the MNP model. The GMNP model can be used to 

impose constraints on the cost/price coefficients to ensure finite moments of WTP measures. 

Second, demonstrate the applicability of the proposed model to analyze car parking preferences in 

Jerusalem while ensuring finiteness of WTP for parking search and walk travel times.  

 

Methodology 
Multinomial Probit (MNP) Model 

Let 𝑞 = {1,2, … . 𝑄}, 𝑡 = {1,2, … . 𝑇}, and 𝑗 = {1,2, … . 𝐽} denote the indices for decision maker, 

choice occasion, and choice alternatives, respectively where Q, T, and J are the number of 

observations, choice occasions per observation, and choice alternatives per choice occasion, 

respectively. In the linear utility specification, the utility associated with alternative j in choice 

occasion t for observation q is written as: 

𝑈𝑞,𝑡,𝑗 = 𝜷𝑞
′ 𝒙𝑞,𝑡,𝑗 + 𝜀𝑞,𝑡,𝑗                                                                                           𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (1) 

where 𝒙𝑞,𝑡,𝑗 is 𝐾 × 1 vector of attributes, 𝜷𝑞 is the corresponding 𝐾 × 1 vector of parameters 

specific to observation q, and 𝜀𝑞,𝑡,𝑗 is a stochastic element which captures the effect of unobserved 

factors specific to choice occasion and choice alternative. These unobserved factors in the same 

choice occasion can be correlated across alternatives. So, the vector of unobserved factors 𝜺𝑞,𝑡 =

(𝜀𝑞,𝑡,1, 𝜀𝑞,𝑡,2, … 𝜀𝑞,𝑡,𝐽)
′
 is assumed to have a multivariate normal distribution with zero means and 

𝐽 × 𝐽 covariance matrix , i.e., 𝜺𝑞,𝑡~MVN(𝟎𝐽,) where 𝟎𝐽 is a 𝐽 × 1 vector of zeros.    
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Random heterogeneity in taste sensitivity is captured by assuming that 𝜷𝑞 is a realization from a 

multivariate normal distribution with mean 𝒃 and 𝐾 × 𝐾 covariance matrix , i.e. 𝜷𝑞~MVN(𝒃,). 

Under this assumption, Equation (1) can be re-written as: 

𝑈𝑞,𝑡,𝑗 = 𝒃′𝒙𝑞,𝑡,𝑗 + �̃�𝑞
′ 𝒙𝑞,𝑡,𝑗 + 𝜀𝑞,𝑡,𝑗                                                                           𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (2) 

where �̃�𝑞~𝑀𝑉𝑁(𝟎𝐾,). 

 

Let 𝑚𝑞,𝑡 represent the chosen alternative in choice occasion t and define vector 𝒎𝑞 =

(𝑚𝑞1, 𝑚𝑞2, … . 𝑚𝑞𝑇)
′
 as the sequence of chosen alternatives by decision-maker q.  In the random 

utility maximization (RUM) framework, the probability of the sequence of choices 𝒎𝑞 can be 

obtained as the probability that, in choice occasion t, the chosen alternative 𝑚𝑞,𝑡 is the alternative 

with highest utility as follows: 

𝑃 (𝒎𝑞 = (𝑚𝑞1, 𝑚𝑞2, … . 𝑚𝑞𝑇)
′
)

= 𝑃 (
𝑈𝑞,1,𝑗 < 𝑈𝑞,1,𝑚𝑞,1

 ∀ 𝑗 ≠ 𝑚𝑞,1, 𝑈𝑞,2,𝑗 < 𝑈𝑞,2,𝑚𝑞,𝑡
 ∀ 𝑗 ≠ 𝑚𝑞,2, … … … .

𝑈𝑞,𝑇−1,𝑗 < 𝑈𝑞,𝑇−1,𝑚𝑞,𝑇−1
 ∀ 𝑗 ≠ 𝑚𝑞,𝑇−1, 𝑈𝑞,𝑇,𝑗 < 𝑈𝑞,𝑇,𝑚𝑞,𝑇

 ∀ 𝑗 ≠ 𝑚𝑞,𝑇
)      𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (3) 

 

To facilitate the derivation of the above probability expression, define the following additional 

vectors and matrices: 
(𝐽 − 1) × 𝐽 matrix 𝐌𝑚𝑞,𝑡

 which is a (𝐽 − 1) identity matrix with an additional column of -1’s 

added as the 𝑚𝑞,𝑡
𝑡ℎ  column  

𝐌𝑞 → [𝑇 × (𝐽 − 1)] × [𝑇 × 𝐽] block diagonal matrix with 𝐌𝑚𝑞,𝑡
 as the 𝑡𝑡ℎ diagonal entry  

𝒙𝑞,𝑡 → 𝐽 × 𝐾  matrix obtained by vertically concatenating the transpose of 𝒙𝑞,𝑡,𝑗  

�̃�𝑞,𝑡 = 𝐌𝑚𝑞,𝑡
𝒙𝑞,𝑡 → (𝐽 − 1) × 𝐾 𝑚𝑎𝑡𝑟𝑖𝑥  

�̃�𝑞 = (𝒙𝑞,1
′ , 𝒙𝑞,2

′ , … . . 𝒙𝑞,𝑇
′ )

′
→ [𝑇 × (𝐽 − 1)] × 𝐾 𝑚𝑎𝑡𝑟𝑖𝑥  

�̃�𝑞 = (𝐌𝑞 , �̃�𝑞) → [𝑇 × (𝐽 − 1)] × {[𝑇 × 𝐽] + 𝐾} 𝑚𝑎𝑡𝑟𝑖𝑥  

𝑽𝑞,𝑡 = (𝑉𝑞,𝑡,1, 𝑉𝑞,𝑡,2, … . . 𝑉𝑞,𝑡,𝐽)
′

→ 𝐽 × 1 𝑣𝑒𝑐𝑡𝑜𝑟  

𝑽𝑞 = (𝑽𝑞,1
′ , 𝑽𝑞,2

′ , … . . 𝑽𝑞,𝑇
′ )

′
→ [𝑇 × 𝐽] × 1 𝑣𝑒𝑐𝑡𝑜𝑟  

𝑼𝑞,𝑡 = (𝑈𝑞,𝑡,1, 𝑈𝑞,𝑡,2, … . . 𝑈𝑞,𝑡,𝐽)
′

→ 𝐽 × 1 𝑣𝑒𝑐𝑡𝑜𝑟  

𝑼𝑞 = (𝑼𝑞,1
′ , 𝑼𝑞,2

′ , … . . 𝑼𝑞,𝑇
′ )

′
→ [𝑇 × 𝐽] × 1 𝑣𝑒𝑐𝑡𝑜𝑟  

𝜺𝑞,𝑡 = (𝜀𝑞,𝑡,1, 𝜀𝑞,𝑡,2, … . . 𝜀𝑞,𝑡,𝐽)
′

→ 𝐽 × 1 𝑣𝑒𝑐𝑡𝑜𝑟  

𝜺𝑞 = (𝜺𝑞,1
′ , 𝜺𝑞,2

′ , … . . 𝜺𝑞,𝑇
′ )

′
→ [𝑇 × 𝐽] × 1 𝑣𝑒𝑐𝑡𝑜𝑟  

𝜼𝑞 = (𝜺𝑞
′ , �̃�𝑞

′ )
′

→ {[𝑇 × 𝐽] + 𝐾} × 1 𝑣𝑒𝑐𝑡𝑜𝑟  

𝐈𝑇 → 𝐼𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑠𝑖𝑧𝑒 𝑇  

 

Now, the probability that decision maker q makes the sequence of choices 𝒎𝑞 can be written 

compactly as follows: 

𝑃(𝒎𝑞) = 𝑃(�̃�𝑞𝜼𝑞 + 𝐌𝑞𝑽𝑞 < 0) = 𝑃(�̃�𝑞𝜼𝑞 < −𝐌𝑞𝑽𝑞)                                      𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (4)  

 

It can be seen from Equation (4) that the probability expression in the MNP model entails 

evaluation of the cumulative density function of [𝑇 × (𝐽 − 1)] multivariate normal random vector, 

�̃�𝑞𝜼𝑞~MVN(𝟎[𝑇×(𝐽−1)], �̃�𝑞𝚵�̃�𝑞
′ ), where 𝚵 is a ([𝑇 × 𝐽] + 𝐾) × ([𝑇 × 𝐽] + 𝐾) block diagonal 
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matrix with 𝐈𝑇 ⊗ and  as the first and second diagonal entries, respectively. The symbol ⊗  

denotes the Knonecker product operation between two matrices. 

 

Generalized MNP (GMNP) Model 

Let 𝒃𝐿 and 𝒃𝑈 denote 𝐾 × 1 vectors of lower and upper bounds on the parameter vector 𝜷𝑞, 

respectively. The probability of the observed sequence of choices 𝒎𝑞 can be obtained as the 

probability that, in each choice occasion, the chosen alternative 𝑚𝑞𝑡 has the highest utility 

conditional on the parameter bounds as follows: 

𝑃(𝒎𝑞) = 𝑃(�̃�𝑞𝜼𝑞 < −𝐌𝑞𝑽𝑞|𝒃𝐿 < 𝜷𝑞 < 𝒃𝑈)                                                        𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (5)  

 

Using Bayes Theorem, Equation (5) can be re-written as follows: 

𝑃(𝒎𝑞) =
𝑃(�̃�𝑞𝜼𝑞 < −𝐌𝑞𝑽𝑞 , 𝒃𝐿 < 𝜷𝑞 < 𝒃𝑈)

𝑃(𝒃𝐿 < 𝜷𝑞 < 𝒃𝑈)
                                                       𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (6)  

But, 𝜷𝑞 = 𝒃 + �̃�𝑞. So, Equation (6) can be written as: 

𝑃(𝒎𝑞) =
𝑃(�̃�𝑞𝜼𝑞 < −𝐌𝑞𝑽𝑞 , 𝒃𝐿 < 𝒃 + �̃�𝑞 < 𝒃𝑈)

𝑃(𝒃𝐿 < 𝒃 + �̃�𝑞 < 𝒃𝑈)
                                               𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (7)  

The denominator in Equation (7) is the truncation probability that reflects the restricted support 

for the parameter vector 𝜷𝑞. It also serves as a scaling factor to ensure that the sum of probabilities 

across all possible outcome vectors 𝒎𝑞 is equal to 1. Furthermore, the vectors �̃�𝑞𝜼𝑞 and �̃�𝑞 in the 

numerator of Equation (7) are correlated. So, the joint probability of the two events �̃�𝑞𝜼𝑞 <

−𝐌𝑞𝑽𝑞 and 𝒃𝐿 < 𝒃 + �̃�𝑞 < 𝒃𝑈 must be obtained as a function of the cumulative density function 

of a multivariate normal random vector of [𝑇 × (𝐽 − 1)] + 𝐾 dimensions. To see this, define the 

following additional elements: 

𝐈𝑲 → 𝐼𝑑𝑒𝑛𝑡𝑖𝑡𝑦 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑠𝑖𝑧𝑒 𝐾  

𝐎𝐾,𝑇×𝐽 → 𝐾 × [𝑇 × 𝐽] 𝑚𝑎𝑡𝑟𝑖𝑥 𝑜𝑓 𝑎𝑙𝑙 𝑧𝑒𝑟𝑜𝑠  

�̃�𝐾,{[𝑇×𝐽]+𝐾} = (𝐎𝐾,𝑇×𝐽, 𝐈𝑲) → 𝐾 × {[𝑇 × 𝐽] + 𝐾} 𝑚𝑎𝑡𝑟𝑖𝑥  

�̿�𝑞 = (�̃�𝑞
′ , �̃�𝐾,{[𝑇×𝐽]+𝐾}

′ )
′

→ {[𝑇 × (𝐽 − 1)] + 𝐾} × {[𝑇 × 𝐽] + 𝐾} 𝑚𝑎𝑡𝑟𝑖𝑥  

�̆�𝑞 → {[𝑇 × (𝐽 − 1)] + 𝐾} × {[𝑇 × 𝐽] + 𝐾} 𝐵𝑙𝑜𝑐𝑘 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙 𝑚𝑎𝑡𝑟𝑖𝑥 𝑤𝑖𝑡ℎ 𝐌𝑞𝑎𝑛𝑑 𝐈𝑲   

            𝑎𝑠 𝑡ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑎𝑛𝑑 𝑠𝑒𝑐𝑜𝑛𝑑 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙 𝑒𝑛𝑡𝑟𝑖𝑒𝑠, 𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦 

𝐌𝐈𝐍𝐅𝑇×(𝐽−1) → 𝑇 × (𝐽 − 1) 𝑚𝑎𝑡𝑟𝑖𝑥 𝑤𝑖𝑡ℎ 𝑎𝑙𝑙 𝑒𝑛𝑡𝑟𝑖𝑒𝑠 𝑒𝑞𝑢𝑎𝑙 𝑡𝑜 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑓𝑖𝑛𝑖𝑡𝑦  

𝝍𝐿 = (𝐌𝐈𝐍𝐅𝑇×(𝐽−1)
′ , 𝒃𝐿′

)
′

→ {[𝑇 × (𝐽 − 1)] + 𝐾} × 1 𝑣𝑒𝑐𝑡𝑜𝑟  

𝝍𝑈 = (𝟎𝑇×(𝐽−1)
′ , 𝒃𝑈′

)
′

→ {[𝑇 × (𝐽 − 1)] + 𝐾} × 1 𝑣𝑒𝑐𝑡𝑜𝑟  

�̆�𝑞 = (𝑽𝑞
′ , 𝒃′)

′
→  {[𝑇 × 𝐽] + 𝐾} × 1 𝑣𝑒𝑐𝑡𝑜𝑟  

 

Now, the numerator in Equation (7) can be written compactly as: 

𝑃(�̃�𝑞𝜼𝑞 < −𝐌𝑞𝑽𝑞 , 𝒃𝐿 < 𝜷𝑞 < 𝒃𝑈) = 𝑃(𝝍𝐿 < �̆�𝑞�̆�𝑞 + �̿�𝑞𝜼𝑞 < 𝝍𝑈)                 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (8) 

 

So, the likelihood function for decision-maker q  is given by: 

𝑃(𝒎𝑞) =
𝑃(𝝍𝐿 < �̆�𝑞�̆�𝑞 + �̿�𝑞𝜼𝑞 < 𝝍𝑈)

𝑃(𝒃𝐿 < 𝒃 + �̃�𝑞 < 𝒃𝑈)
                                                                       𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (9)  
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It can be seen from Equation (9) that the probability expression in the GMNP model entails 

evaluation of a [𝑇 × (𝐽 − 1)] + 𝐾 dimensional rectangular integral between 𝝍𝐿 and 𝝍𝑈 for the 

normal random vector �̿�𝑞𝜼𝑞~MVN(𝟎[𝑇×(𝐽−1)]+𝐾, �̿�𝑞𝚵�̿�𝑞
′ ). Similarly, the denominator in 

Equation (9) can be computed as a 𝐾 dimensional rectangular integral between 𝒃𝐿 and 𝒃𝑈 for the 

normal random vector 𝜷𝑞~MVN(𝒃,). Each of these probabilities can be computed using the 

GHK simulator [11-14]. 

 

Findings 
The GMNP model was used to analyze the parking preferences of residents in Jerusalem. Each 

respondent was presented with eight choice experiments each with three choice alternatives and 

four attributes, namely – type of parking (above ground garage, below ground garage, surface lot, 

or on-street space), time to find an empty parking space (minutes), time to walk to destination 

(minutes), and cost to park (New Israeli Shekels; 1 NIS = $0.28 during the survey administration 

period). The final sample included 10,240 responses from 1,280 respondents with eight choice 

scenarios per respondent. Key findings are listed below.  

(1) There was significant taste heterogeneity for all attributes underscoring the importance of 

accounting for random taste variation and temporal correlation in panel choice data.   

(2) The mean sensitivities to cost and time attributes were negative in the MNP model. However, 

standard deviation estimates that are comparable to mean estimates imply non-zero proportion 

of population with positive cost and time sensitivity. For instance, the mean and standard 

deviation estimates on cost were -0.2301 and 0.0997, respectively. So, 1.0% of population have 

positive cost sensitivity according to the MNP model. Similarly, 5.2% and 9.4% of respondents 

have positive search and walk time sensitivities, respectively according to the MNP model. 

(3) In the GMNP model, the upper bounds on travel time parameters were fixed to zero whereas 

the upper bound on the cost parameter was estimated freely and it turned out to negative and 

statistically different from zero (= -0.0486).  

(4) The LR test statistic of comparison between the GMNP and MNP models indicated superior 

data fit in the GMNP model. Also, the GMNP model has lower BIC and AIC values and higher 

adjusted rho-squared value compared to MNP model. This suggests that the GMNP model 

with strictly negative and bounded cost sensitivity is the most preferred model.  

(5) Given that the upper bound on the cost parameter in the GMNP2 model was -0.0486 (which is 

less than zero), the moments of WTP measures for search and walk times are defined [15]. The 

NIS currency denomination was converted into equivalent dollars for easy comprehension. 

Figure 1 depicts the kernel density estimates of the two WTP measures from the GMNP and 

MNP models. It can be seen from Figure 1 that, in the MNP model, there is a significant 

proportion of population with negative WTP (4.8% for search time and 7.8% for walk time) 

which is un-intuitive. On the other hand, the WTP measures are non-negative in the GMNP 

model. In the GMNP model, the mean WTP for search and walk times were $20.7/hour and 

$24.6/hour, respectively whereas the corresponding standard deviation of the WTP measures 

were $21.7/hour and $28.3/hour respectively. Lastly, the median WTP for search and walk 

times were $14.1/hour and $15.9/hour, respectively in the GMNP model compared to 

$13.8/hour and $12.9/hour, respectively in the MNP model. 
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Figure 1 Kernel Density Estimates of Willingness-To-Pay (WTP) Measures 

 

Conclusion 
This paper developed a generalized multinomial probit (GMNP) model with truncated multivariate 

normal random parameters. The applicability of the GMNP model was demonstrated in the car 

parking choice context using stated preference data from Jerusalem. The GMNP model with (a) 

normal distribution truncated from above at zero for coefficients on search and walk time 

attributes, and (b) truncated normal distribution bounded between two finite limits less than zero 

for the cost coefficient was found to have superior data fit than the MNP model. Also, unlike the 

MNP model, the GMNP model has finite moments for the WTP measures associated with search 

and walk times. In summary, this paper demonstrated that the GMNP model can serve as a viable 

alternative to the mixed logit model for accommodating constrained random parameters.
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