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1. Introduction 

In the Ordered Response (OR) framework, while the propensity component is treated as an 

intrinsically random variable, the thresholds are specified as either constant or parameterized to 

systematically vary with observed attribute without any random variation. This is a limiting 

assumption because, from the analyst’s standpoint, thresholds are also intrinsically latent (i.e., 

unobserved) and there is no strong reason why they should not be treated as intrinsically random 

variables. If the propensity is itself latent to the analyst and, therefore, an intrinsically random 

variable, it is reasonable to assume that the thresholds dividing the propensity space into intervals 

are also intrinsically random variables. To accommodate stochasticity in thresholds, recent studies 

employ mixed models that allow random parameters in the threshold functions. Doing so leads to 

the mixed GOR (MGOR) models discussed in [1]  and [2]. The MGOR framework allows random 

thresholds (through random parameters) while also ensuring the strictly increasing order of 

thresholds through the cumulative additive specification. However, as discussed in detail by [3], it 

is not trivial to estimate random parameters in the threshold functions of the MGOR models. 

Specifically, introducing a random parameter in a lower order threshold automatically introduces 

the same random parameter in all subsequent thresholds. So, it is not easy to estimate another 

random parameter in the higher order thresholds, because randomness already exists due to the 

lower order thresholds.  

In view of the above discussion, the current paper introduces a new class of stochastic 

thresholds ordered response (STOR) models that specifies the thresholds to be intrinsically 

stochastic without the need for random coefficients as in MGOR models (i.e., the framework 

begins with the thresholds as random variables as is typically done with the propensity function). 

The random thresholds (except the first threshold) in the STOR models may be interpreted as left-

truncated random variables – truncated by the preceding threshold, which is, in turn, a random 

variable. In addition, the STOR models, when stochasticity is assumed to be Gumbel distributed, 

lead to closed form probability expressions. Therefore, the proposed STOR models are relatively 

easy to estimate, when compared to the computationally intensive simulated-based estimation 

typically used to estimate MGOR-logit models. Of course, the analyst can include mixing over the 

STOR models to allow random variation in model parameters, which leads to the mixed STOR (or 

MSTOR) models. The paper also demonstrates the applicability of the proposed STOR models 

vis-à-vis the MGOR models on injury severity outcomes.  

 

2. Methodological Framework 

Let q be the index for the observation (𝑞 = 1,2, … . 𝑄) and j be the index for the ordinal outcome 

with J categories (𝑗 = 1,2, … . 𝐽). In the injury severity context, J = 4 [“no injury” (𝑗 = 1), 

“possible injury” (𝑗 = 2), “non-incapacitating injury” (𝑗 = 3), “incapacitating or fatal 

injury” (𝑗 = 4)]. 

 

The latent propensity 𝑦𝑞
∗ is specified as a function of observed attributes as: 

𝑦𝑞
∗ = 𝜷𝑞

′ 𝒙𝑞 + 𝜀𝑞                                                                                                                        𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (1) 

where 𝒙𝑞 is a 𝐾 × 1 vector of attributes specific to observation q (excluding the constant, for 

identification), 𝜷𝑞 is the corresponding 𝐾 × 1 vector of observation-specific parameters, and 𝜀𝑞 is 

the stochastic component that is independent and identically distributed (i.i.d.) across observations. 

The vector 𝜷𝑞 is assumed to be a realization from a multivariate normal distribution with mean 𝒃 

and 𝐾 × 𝐾 covariance matrix 𝚺, i.e. 𝜷𝑞~𝑁(𝒃, 𝚺). Under these assumptions, Equation (1) can be 

re-written as: 
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 𝑦𝑞
∗ = 𝜷𝑞

′ 𝒙𝑞 + 𝜀𝑞 = 𝒃′𝒙𝑞 + �̃�𝑞
′ 𝒙𝑞 + 𝜀𝑞 = 𝒃′𝒙𝑞 + 𝜉𝑞                                                       𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (2) 

where �̃�𝑞~𝑁(𝟎𝐾, 𝚺), 𝟎𝐾 is a 𝐾 × 1 vector with all zeroes, and 𝜉𝑞 = �̃�𝑞
′ 𝒙𝑞 + 𝜀𝑞.  

 

The latent propensity 𝑦𝑞
∗ is translated into J ordinal outcomes using 𝐽 − 1 threshold parameters as: 

𝑃(𝑦𝑞 = 𝑗) = 𝑃(𝜓𝑞,𝑗−1 < 𝑦𝑞
∗ < 𝜓𝑞,𝑗)                                                                                   𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (3) 

 

The strict ordering of thresholds is maintained using the following parameterization: 

𝜓𝑞,𝑗 = 𝜓𝑞,𝑗−1 + 𝑒𝑥𝑝(𝜸𝑞,𝑗
′ 𝒛𝑞,𝑗) , 𝜓𝑞,0 = −∞, 𝑎𝑛𝑑 𝜓𝑞,𝐽 = ∞                                  𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (4) 

where 𝒛𝑞,𝑗 is 𝐿𝑗 × 1 vector of observation-specific attributes (including the constant) and 𝜸𝑞,𝑗 is 

the 𝐿𝑗 × 1 corresponding vector of parameters. In the MGOR framework, the vector 𝜸𝑞,𝑗 is 

assumed to be a realization from a multivariate normal distribution with mean vector 𝒄𝑗  and 𝐿𝑗 × 𝐿𝑗 

covariance matrix 𝛀𝑗, i.e. 𝜸𝑞,𝑗~𝑁(𝒄𝑗 , 𝛀𝑗). So, 𝜸𝑞,𝑗 = 𝒄𝑗 + �̃�𝑞,𝑗, where �̃�𝑞,𝑗~𝑁 (𝟎𝐿𝑗
, 𝛀𝑗). The 

random variation in parameter vector 𝜸𝑞,𝑗 introduces stochasticity in the threshold parameters. Let 

𝜽𝑞 = (𝜸𝑞,1
′ , 𝜸𝑞,2

′ , … 𝜸𝑞,𝐽−1
′ )

′
 and 𝒄 = (𝒄1

′ , 𝒄2
′ , … . 𝒄𝐽−1

′ )
′
 denote (∑ 𝐿𝑗

𝐽−1
𝑗=1 ) × 1 vectors of vertically 

stacked parameters 𝜸𝑞,𝑗 and 𝒄𝑗 . 

 

The thresholds are treated as intrinsically random variables as: 

𝜓𝑞,𝑗
∗ = 𝒄𝑗

′𝒛𝑞,𝑗 + 𝜂𝑞,𝑗                                                                                                               𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (5) 

where 𝒛𝑞,𝑗  is a vector of observed variables influencing 𝜓𝑞,𝑗
∗ , 𝒄𝑗  is a vector of parameters 

explaining heterogeneity in  𝜓𝑞,𝑗
∗  due to variables in 𝒛𝑞,𝑗, and 𝜂𝑞,𝑗 is the stochastic component of 

𝜓𝑞,𝑗
∗ .1  

The necessary requirement of the OR framework is that the thresholds must be strictly 

ordered. However, introducing stochasticity within linear threshold specification as in Equation 

(5) will lead to a non-zero probability of violating the strict monotonicity requirement. So, the 

probability of different ordinal outcomes must be obtained conditional on monotonicity of the 

thresholds as follows: 

𝑃(𝑦𝑞 = 𝑗) = 𝑃(𝜓𝑞,𝑗−1
∗ < 𝑦𝑞

∗ < 𝜓𝑞,𝑗
∗ |𝜓𝑞,1

∗ < 𝜓𝑞,2
∗ < ⋯ < 𝜓𝑞,𝐽−1

∗ )                             𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (6) 

 

Using Bayes Theorem, Equation (6) can be re-written as: 

𝑃(𝑦𝑞 = 𝑗) =
𝑃(𝜓𝑞,𝑗−1

∗ < 𝑦𝑞
∗ < 𝜓𝑞,𝑗

∗  AND 𝜓𝑞,1
∗ < 𝜓𝑞,2

∗ < ⋯ < 𝜓𝑞,𝐽−1
∗ )

𝑃(𝜓𝑞,1
∗ < 𝜓𝑞,2

∗ < ⋯ < 𝜓𝑞,𝐽−1
∗ )

                   𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (7)

=
𝑃(𝜓𝑞,1

∗ < ⋯ . 𝜓𝑞,𝑗−1
∗ < 𝑦𝑞

∗ < 𝜓𝑞,𝑗
∗ < ⋯ 𝜓𝑞,𝐽−1

∗ )

𝑃(𝜓𝑞,1
∗ < 𝜓𝑞,2

∗ < ⋯ < 𝜓𝑞,𝐽−1
∗ )

 

 

Assuming that 𝜀𝑞 and all 𝜂𝑞,𝑗’s are i.i.d. standard Gumbel random variables (and that neither the 

propensity function nor the threshold functions include random coefficients) leads to the basic 

STOR-Logit (STORL) model discussed in this section. The ‘logit’ name is derived from the fact 

that the difference between the propensity function and any of the thresholds is a logistic random 

variable. The denominator in Equation (7) is the probability that the thresholds are strictly ordered 

and is same as the probability that the 𝐽 − 1 thresholds are ranked in strictly increasing order. This 

                                                 
1 The superscript ‘*’ indicates that the thresholds are latent variables just as the propensity function is. 
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probability can be obtained as the product of sequential logit formulae in the exploded logit model 

as follows [4-6]: 

𝑃(𝜓𝑞,1
∗ < 𝜓𝑞,2

∗ < ⋯ < 𝜓𝑞,𝐽−1
∗ )

= ∏
𝑒𝑥𝑝 (𝑉𝑞,𝐽−𝑘)

∑ 𝑒𝑥𝑝(𝑉𝑞,𝑟)𝐽−𝑘
𝑟=1

𝐽−2

𝑘=1

                                                                               𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (8) 

where 𝑉𝑞,𝑟 = 𝒄𝑟
′ 𝒛𝑞,𝑟. 

Similarly, the numerator in Equation (7) can be obtained as the probability that the propensity and 

the thresholds are ranked in the following order 𝜓𝑞,1
∗ < ⋯ . 𝜓𝑞,𝑗−1

∗ < 𝑦𝑞
∗ < 𝜓𝑞,𝑗

∗ < ⋯ 𝜓𝑞,𝐽−1
∗ : 

𝑃(𝜓𝑞,1
∗ < ⋯ . 𝜓𝑞,𝑗−1

∗ < 𝑦𝑞
∗ < 𝜓𝑞,𝑗

∗ < ⋯ 𝜓𝑞,𝐽−1
∗ )                                                              𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (9)

= [∏
𝑒𝑥𝑝 (𝑉𝑞,𝐽−𝑘)

𝑒𝑥 𝑝(𝒃′𝒙𝑞) + ∑ 𝑒𝑥𝑝(𝑉𝑞,𝑟)
𝐽−𝑘
𝑟=1

𝐽−𝑗

𝑘=1

] × [
𝑒𝑥 𝑝(𝒃′𝒙𝑞)

𝑒𝑥 𝑝(𝒃′𝒙𝑞) + ∑ 𝑒𝑥𝑝(𝑉𝑞,𝑟)
𝐽−1
𝑟=1

]

× [ ∏
𝑒𝑥𝑝 (𝑉𝑞,𝐽−𝑘)

∑ 𝑒𝑥𝑝(𝑉𝑞,𝑟)𝐽−𝑘
𝑟=1

𝐽−2

𝑘=𝐽−𝑗+1

] 

Such closed form probability expressions make the STORL easy to estimate using the familiar 

maximum likelihood estimation technique. The probit-version of the STOR model (i.e. the STORP 

model) can be derived in a similar fashion.  

 

3. Empirical Findings 

The proposed model was used to analyze injury severity outcomes recorded in four ordinal 

categories: (1) No injury, (2) Possible injury, (3) Non-incapacitating injury, (4) Incapacitating 

injury or Fatal injury. Based on likelihood-ratio test and Bayesian Information Criterion (BIC), the 

STOR models were found to better have better data fit over their GOR counterparts (see Table 1). 

 

Table 1 Summary of Goodness-of-Fit Statistics for Injury Severity Models 

Model  
Log-Likelihood 

(LL) 

Number of 

Parameters (K) 

Bayesian 

Information 

Criterion (BIC) 

Logit Models       

GORL -3627.7 35 7547.4 

MGORL -3624.3 36 7549.9 

STORL -3642.6 32 7552.1 

MSTORL -3632.8 33 7540.8 

Probit Models       

GORP -3621.9 35 7535.8 

MGORP -3617.8 36 7536.0 

STORP -3628.2 32 7523.5 

MSTORP -3626.8 32 7520.5 

 

To quantify the net impact of different covariates, aggregate elasticity effects that indicate the 

percentage change in shares of different severity outcomes due to a unit increase in covariates were 

computed for the MGOR and MSTOR models. The implied elasticity effects are the same direction 
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in the MSTOR and MGOR models for most of the covariates with few exceptions. The average 

absolute percentage difference in the elasticity predictions of the MGOR and MSTOR models 

were 6.4%, 36.0%, 79.6%, and 56.1% for the no, possible, non-incapacitating, and incapacitating 

or fatal injury alternatives, respectively. Interestingly, the difference in elasticity effects is higher 

for covariates that enter the specification of thresholds compared to those that only enter the 

propensity component. For instance, the average APB in the elasticity effects across gender, age, 

speed limit, and traffic control variables that affect thresholds were 16.1%, 43.2%, 355.2%, and 

271.3 for the no, possible, non-incapacitating, and incapacitating or fatal injury alternatives, 

respectively. This is understandable given that the key difference between the MGORP and 

MSTORP models is the functional form and intrinsic stochasticity in the thresholds. 

 

4. Conclusions 

This study developed a new class of ordered response (OR) models, referred to as the stochastic 

thresholds ordered response (STOR) models that treat thresholds as intrinsically random 

components while retaining the linear specification of thresholds (i.e., without resorting to the 

cumulative additive speciation). Two versions of the model in which the thresholds have logistic 

(leading to the STORL model) and normal (leading to the STORP model) distributions were 

developed. Mixed versions of the model with unobserved parameter heterogeneity were also 

developed for both the probit (MSTORP) and logit (MSTORL) versions. The applicability of the 

proposed models was demonstrated in the injury severity context with four categories – no, 

possible, non-incapacitating, incapacitating or fatal injury. The model results indicate superior data 

fit of the proposed MSTOR models compared to mixed GOR (MGOR) models. Also, elasticity 

effects that quantify the impact of covariates were computed for the MGOR and MSTGOR models 

for comparison. While the direction of implied elasticity effects was in the same direction in both 

the modeling frameworks (in most cases), significant differences in magnitude were observed for 

several covariates. These results demonstrate that STOR models with intrinsically random 

thresholds not only have better predictive ability but can also lead to different policy implications 

compared to the GOR models. 
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